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PREFACE 

In terms of education the world is becoming more 

integrated with each passing day and educational 

cooperation are becoming more important for life. This 

situation forces academicians of universities in various 

countries of the world to cooperate. This book consists 

of works prepared by academicians expert in their 

fields. 

In Chapter 1, Moses Ogunniran and Frank Okai Larbi, 

contributed to the book with their study, “Effects of 

Critical Thinking Skills And Moderators On Numeracy-

For-Achievement Among First-Year Students With Low 

Mathematics Skills”. 

In Chapter 2, Frank Okai Larbi, Zhao Chenxu, Gao 

Qianqian, Jiang Wangwang, Xie Zitian and Liu Jing, 

contributed to the book with their study, “The 

Development Of Pre-Service Teachers' Critical Thinking 

Skills To Enhance Their Teaching Methods”. 

In Chapter 3, Urdaletova Anarkul Burganakovna, 

Kydyraliev Syrgak Kaparovich and Burova Elena 

Sergeevna contributed to the book with their study, 

“Linear Difference Equatıons in Financial Calculations”. 

In Chapter 4, Urdaletova Anarkul Burganakovna, 

Kydyraliev Syrgak Kaparovich and Burova Elena 

Sergeevna contributed to the book with their study, 

“Another Introduction To Difference Equations And 

Another Story Of Hodja Nasreddin”.    
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CHAPTER 1 

EFFECTS OF CRITICAL THINKING 
SKILLS AND MODERATORS ON 

NUMERACY-FOR-ACHIEVEMENT 

AMONG FIRST-YEAR STUDENTS 

WITH LOW MATHEMATICS SKILLS 

Moses Ogunniran,1 Frank Okai Larbi2 

Introductıon 

Numeracy is a term that connotes the abilities with 

numbers and their use of it in varied situations. The 

importance of numeracy is found in a wider range of life 

experiences such as business, finance, employment, 

health, and politics and peak at becoming a good citizen 

of a country (Tout, 2020; Tout & Gal, 2015). This is much 

to the extent that most think numeracy is intrinsic to the 

functioning of individuals in the modern world and that 

an individual can, therefore, not interact fully with 

society without his or her ability to engage with 

numbers (Oughton, 2007).  
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Ginsburg, Manly and Schmitt (2006) explained the 

three major components that form the construct 

'Numeracy' as emanating from context, content and 

cognitive-affective. The context relates to the use and 

resolve for which an individual takes on a task with 

mathematical demands. People engage with 

mathematical skills in their ordinary business of life and 

endeavors. These are not limited to reading newspapers, 

calculating dates, buying and selling as sophistically 

taking risks based on calculated outcomes (Oughton, 

2007). The content is the knowledge of mathematics 

necessary for the tasks confronted. The content is 

essentially the statements of the curriculum, which 

explicitly state the mathematical strand that applies 

various learning structures for which students are to be 

instructed (Goss, Geiger, & Bennison 2015). The third, 

cognitive and affective component, explains the 

processes people use to solve problems while liking the 

context of the content. In spite of the distinctiveness of 

each component, there is constant interaction among 

them, and each has little or no meaning in isolation from 

the others (Ginsburg, Manly and Schmitt, 2006).  

One essential requirement for numeracy is a 

coherent understanding of the Mathematics principles 

and operations (Liljedahl, 2015). The mathematical 

activity involves not only content but also values and 

beliefs, context, and social and institutional relations. 

Even though the mathematical requirements for the 
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functionality of individuals vary based on context and 

time, it is still expected that basic Mathematics strands 

can be conjured to define the general numeracy content 

used by individuals. These strands are defined in 

Operations, Probability, Geometry, Algebra Data, 

Statistics, Measurement and Shape etc. Most 

importantly, these topics serve the support of many Arts 

and Humanities disciplines (Cokely, Feltz, Ghazal, Allan, 

Petrova & Garcia-Retamero, 2016; Souch, Fitzpatrick and 

Harris, 2013). Although the mathematical strands within 

different curricula differ, they define competence for 

these disciplines. For instance, some curriculums require 

only foundational level mathematics where numbers and 

Operation Sense are taught to students for competence 

and solving everyday problems. Some require more 

sophistication, i.e., Patterns, Functions, Algebra and 

Calculus, where patterns and relationships are examined 

as students deepen their reasoning and strategies that 

enable them to interpret the mathematical requirements 

of situations in the real world.  

The Nigerian educational system has its positive and 

negative implications for the numeracy skills of tertiary 

education students. In recognition of numeracy as an 

essential educational objective, the 6-3-3-4 was set up as 

a structured system to help link previous and future 

instructions together based on the need of the society 

(National Policy on Education, 2014). The importance of 

Mathematics from primary to junior and senior schools 
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is never compromised. The subject is therefore offered 

by all students whether in science or non-science 

department. The tertiary system also maintains this 

lofty system as it requires average performance in a few 

subjects to be qualified for admission (Fehintola, 2011; 

Okereke, Achumba and Opara, 2016). Unfortunately, 

Nigerian higher learning institutions' adoption of 

requisites means that not all students need to possess an 

average grade in Mathematics to study in their chosen 

fields (Falaye, 2006; National University Commission, 

2017). Moreover, it is considered rather crude to ascribe 

numerical incompetence only to Mathematics low-

achievement. Some arts and social science students do 

indeed come arts and social science students do indeed 

pass mathematics even for pre-entry into their 

programs, yet, they get anxious at the prospect of 

learning numerical elements of curriculum s within their 

chosen fields of study (Onwuegbuzie & Wilson, 2003; 

Carpentieri, Litster and Frumkin, 2009).  

Calcagno, Crosta, Bailey & Jenkins (2006) explained 

that many students lose touch with mathematical skills 

after a long time. A commonly underpinned factor for 

this is the pre-transition (university) gap year (Coetzee 

& Bester, 2009). Gap-year effects have been underscored 

as ranging from both positive to negative outcomes for 

student performance, but many of these findings tilt 

from different perspectives, either from students or 

lecturers (Frith et al. 2010, Holmlund Liu, & Skans, 
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2008; Hassel & Ridout, 2018; Tenser, 2015, p.11). For the 

positive impact, the work-life experience and sovereign 

self-authorship that comes with gap-year underscore 

some contextual bearing that becomes potentially handy 

for understanding the contents, including numeracy 

embedded within the curriculum. On the other hand, its 

negative impact manifests through loss of skills about 

previously learned (mathematics) contents; and 

therefore manifests through low confidence and anxiety, 

especially towards mastery of quantitative aspect of the 

curriculum in their present academic pursuit (Mouraz, & 

Araujo, 2017; Parker, Thoemmes, Duineveld, & Salmela-

Aro, 2015).  

Numeracy is self-evident in the functionality of 

individuals in day-to-day life (Coben, 2010). However, 

how numeracy affects students' progress is undefined, 

as its continuum effects range from mild to extremely 

severe outcomes for students' career progression. Still, 

under-performance among undergraduates is a 

continuing issue bedeviling the Nigerian educational 

system. Every year, a number of students in tertiary 

institutions finish below the threshold of average grades 

(Hayatu & Abubakar, 2019). For known reasons, first-

year students are mostly the culprits of low achievement 

and rustication. The emphasis on first-year is 

emboldened by the fact that some do not seem to carry 

secondary school grades or performance to higher 

institutions. Thus, the persisting under-performance 
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among students in the tertiary institution could not but 

implicate learners' unpreparedness for the academic 

task ahead. Many students are left riddled by the 

numeracy demands of their discipline, contributing to 

the increasing spate of poor grades and withdrawal 

(Atueyi, 2016).  

The cost of numerical incompetence among tertiary 

students may simply be associated with a high 

susceptibility to framing effects; a cognitive bias that 

explains shifts in preferences and decisions based on the 

presentation of the same choices in different ways 

without a genuine change in the goal (Kühberger, 1998; 

Tversky & Kahneman, 1981; Peters, 2012). By 

implication, it increases the rate of academic 

underperformance, poor skills among graduates and 

inability to achieve the lofty goal. In Nigeria, the cause 

of the increasing number of unemployed cannot be 

limited to the fact that many graduates do not have the 

repertoire of skills for entrepreneurship and viable 

industrial/organizational requirements (Asuquo and 

Agboola, 2014; Sodipo, 2014; Udonsa, 2015). The quality 

of graduates is also reflected in the ranks of the 

university and educational standards. The need for 

constant innovation in products or ideas dominates the 

ideals for contemporary university ratings. Bamiro 

(2012), while recognizing this, underscored the need for 

the institution to concentrate on talent by striving to 

produce top graduates and those that are capable of 
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taking leading-edge research as key to transformation 

into world-class. The fact that most Nigerian institutions 

rated poorly in comparison to their African counterparts 

and the world at large may have exposed the lack of 

qualities in their products.  

Numeracy as a multi-disciplinary construct assumes 

responsibility for both students' function within the 

context and content. The failure of many interventions 

could be explained as failing to strategies the 

congruence between the two interrelated components. 

Hence, the important quest remains on how to salvage 

the content given the individual's functionality within 

the context. As a significant intervention tool, critical 

thinking skills dwell on rich individual and social 

experiences that are not limited to making correct 

decisions and judgments.  

Critical thinking defines the use of cognitive skills or 

strategies to increase the probability of a desirable 

decision outcome. It is a higher-order cognitive thinking 

skill in that it uses relatively complex judgment, 

analysis, and synthesis; while also being reflective and 

sensitive to the context (Halpern, 1998). It is also a skill 

that helps in thinking about assumptions, asking 

pertinent questions, and drawing out necessary skills for 

student performance and progress (Fisher, 2001). 

Critical thinking is rooted in two academic disciplines: 

Philosophy and psychology (Fadhlullah & Ahmad, 2017). 

These two strands have their separate ways by which 
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they explain critical thinking. The philosophical strand 

enumerates the qualities and characteristics of an 

individual as against behaviors or actions the critical 

thinker can perform (Thayer-Bacon, 2000). Hence, the 

emphasis on the quality of thoughts means that specified 

criteria or standards of adequacy and accuracy regarding 

thinking have to be met (Bailin, 2002). Unlike 

philosophy, the cognitive perspective focuses on how 

people actually think against how they could think under 

ideal circumstances (Sternberg, 1986). To cognitive 

psychologists, critical thinking involves using skills or 

procedures evident in our behavior and actions. Hence, 

it explains people's mental processes, strategies, and 

representations to solve problems, make decisions, and 

learn new concepts (ibid). The superiority of the latter 

(Cognitive approach) over the latter lies in that it is 

based on overt skills and behavior as against the 

idealistic view of thinking of the philosophical strand.  

There is quite an evidence that students can be 

trained to be critical thinkers. The idea is to help 

students transfer learning out of classroom situations 

and into the real world or from the real world into the 

classroom environment. Halpern (1998) opined that 

what people tend to remember or retrieve is the crucial 

classroom experience; hence, information that is 

associated with instruction being taught or learned 

enhances retrieval when the learning is completed. 

Furthermore, there is an effective element of critical 
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thinking. Hitchcock (2020) postulated that people have 

their own prejudice, which determines whether they are 

likely or not to think critically. According to Halpern 

(1998), the disposition or willingness to think critically 

differs from the ability to think critically. Hence, an 

individual may have excellent critical thinking skills but 

may decline in their use in solving the problem (Tariq & 

Durrani, 2011). This is in similitude to what people are 

capable of doing and what they do in real-world con-

texts. Hence, both cognitive and affective are 

interdependent because intellectual traits are best with 

concerted efforts taken by an individual.  

A few factors certainly possess moderating effects of 

critical thinking on Numeracy (Klein, Rock & Evans, 

1968). Paramount among them are gender-type and 

mathematics self-efficacy. Gender difference has been 

pointed to account for disparities in quantitative 

instructions in science subjects across the globe (Mullis, 

Martins, Feirros, Goldberg and Stemler, 2000). Besides 

few studies that provided evidence for better 

performance of Male over Female in numeracy content, 

the effect of gender on achievement continues to attract 

debates (Nosek, Banaji & Greenwald, 2002; Miller & 

Bichsel, 2004; Falaye, 2006; Payne, 2015); even many 

studies continue to conclude better quantitative 

achievement for male (Zakariya, 2021; Carpentieri, 

Litster and Frumkin, 2009). Another notable factor of 

moderation is Mathematics self-efficacy. Maths self-
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efficacy is associated with self-motivation, a positive 

attitude and with students seeing themselves capable of 

achieving their specific (quantitative) goal. Students 

with higher math self-efficacy show persistence on 

difficult math-related problems and more accuracy in 

math calculations and computations than those with 

lower math self-efficacy (Hoffman & Schraw, 2009).  

The challenge of numeracy among higher education 

students is evident, requiring necessary interventions. 

Critical thinking is derived from the cognitive paradigm. 

The intervention is based on academics and is deemed 

useful based on its emphasis on students' experiences in 

a social context. The need to find strategies where 

context and content are linked is no less justified given 

the important skill and technique characteristics. The 

impetus for this study is to examine the efficacy of 

critical thinking skills in fostering the numerical 

competence of students as well as underline its 

effectiveness for academic praxis. The research also 

hypothesized the existence of an interaction effect of 

moderators on the relationship between the independent 

variable (CTS) and the dependent variable.  

Hypotheses 

The present study was guided by the following main 

research hypotheses as stated: 
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1. There is no significant main effect of critical 

thinking skills on numeracy among undergraduate 

management students.  

2. There will be no significant main effect of gender 

and mathematics self-efficacy on       the Numerical 

competence of the participants.  

3. There will be no interactive effect of gender and 

mathematics self-efficacy (moderating variables) on the 

numeracy of the participants. Literature  

Concept of Numeracy  

Numeracy underscores an individual's ability to 

formulate and apply mathematics in various contexts 

(PISA, 2012). According to Jablonka (2003), numeracy 

entails using mathematical concepts, methods, data, and 

instruments to describe and explain phenomena. It 

enables an understanding of the significance of 

mathematics in the world and to form the sound 

judgments and decisions that responsible, active, and 

reflective citizens need (PISA, 2022). Liljedahl (2015) 

considered numeracy as some combination of 

mathematical knowledge, tools and dispositions. To be 

numerate means that one is willing and able to use this 

knowledge, tools and dispositions across a wide variety 

of contextual (even real) situations. Numeracy is often 

referred to as quantitative literacy, while some authors 

also use the term quantitative reasoning. The study is 

therefore anchored on the definition of numeracy as 



2022 EDUCATIONAL STRATEGIES 

 

12 

presented by Frith & Prince (2006), where they defined 

numeracy as the ability to manage situations and 

respond to quantitative (mathematical and statistical) 

information that may be presented either in verbal, 

graphical or symbolic form.  

Ginsburg, Manly and Schmitt (2006) explained the 

major components that form the construct 'Numeracy' as 

emanating from context, content and cognitive-affective. 

The context relates to the use and resolve for which an 

individual takes on a task with mathematical demands. 

Context includes family or personal, workplace and or 

community as a citizen making interpretations of social 

situations. The content is the knowledge of Mathematics 

that is necessary for the tasks confronted. Content 

includes numbers and operation, patterns, functions and 

algebra, measurement and shape-knowledge data, 

statistics and probability. The cognitive and affective 

component explains the processes people use to solve 

problems while liking the context of the content. The 

component hinges on an individual's ability to apply 

conceptual understanding, adaptive reasoning, strategic 

competence, procedural fluency and productive 

disposition in solving the disparities between context 

and content. Importantly, there is constant interaction 

among the three components (Ginsburg, 2008; Ginsburg, 

Manly and Schmitt, 2006; Goss, Geiger, Bennison and 

Roberts, 2015).  
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Mathematics and Numeracy 

The relationship between mathematics and 

numeracy is well acknowledged, although the two terms 

are very distinct in that the latter focuses on abstraction 

while the latter focuses on contexts. It seems. However, 

developing the numerical minds of learners is a key 

accomplishment of both primary and secondary schools 

((National Policy on Education, 2014). In the primary 

level of education, pupils need to build on early skills by 

constructing, recognizing, and extending patterns in 

varied situations. At this stage, mathematics ability 

offers many opportunities to measure attributes and 

comparison of objects. At the same time, games and 

rhymes are also imbibed in discovering rules and 

individuals' patterns in memorizing arithmetic 

operations (New Jersey Mathematics Development 

Framework, 2011). In the secondary stage, the 

expectation of students is not limited to bringing more 

algebra tools in analyzing and representing patterns of 

relationships and developing an understanding of the 

many other representations and applications of 

functions. Hence, when students fail to internalize these 

skills, especially compared to their peers, they become 

low-achievers in the subject and eventfully affect their 

future performance in numerical-related instructions 

(Hodgen, McAlinden and Tomei, 2013).  

Hughes-Hallett, (2001) maintained that Mathematics 

is about principles that can be applied in a range of 
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contexts, while numeracy is just about seeing every 

context through a quantitative lens. Moreover, there are 

generally two steps by which mathematics can be 

learned. One is learning by principles (mathematics), 

and the other is identifying mathematics in a context 

(ibid). More often, tertiary educators expect that 

students have developed sound numeracy skills from 

their previous studies in mathematics and that they can 

transfer and apply these skills to their studies in other 

discipline contexts, such as the Humanities, Law and 

social sciences (Quinnell & Thompson, 2010; Steen, 

2004). In reality, as the year passes, most students fail 

to meet this expectation. The "maths problem" persists 

despite resources being directed to improve levels of 

academic numeracy. There are, however, several reasons 

for this. Hughes-Hallet, (2001) pointed to the fact that 

quantitative demands of humanities, social science and 

law in higher education are often very different from 

those that are the focus of traditional mathematics 

courses. Another point raised by Frith & Prince (2009) is 

that students are poorly prepared to meet the 

quantitative literacy requirements in university 

curricula (p.83). Most literature considered the need for 

curriculum interventions to reduce the "articulation 

gap" between the demands of curricula and the level of 

many students' quantitative literacies (Stone, Silliman, 

Ehren & Wallach, 2016; Woolcott, Galligan, Whannell, 

Marshman & Axelsen, 2019).  
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Curriculum, Discipline and Discourse 

The concept of numeracy has some currency in 

higher education, specifically in the context of the so-

called 'numerate disciplines. First, the use of 

"discipline" to differentiate the knowledge system is an 

essential innovation in the academic world (Haifeng, 

2012). The reality holds that an element of constant 

dialogue and interconnection exists between two or 

more disciplines, as evident in curriculums (Hodgen, 

McAlinden and Tomei, 2013). Moreover, the curriculum 

allows content to be divided into separate relational 

entity 'disciplines' so detailed connections can be made 

to every aspect of knowledge (Eisner, 1985). As such, 

outside the four walls of the classroom lies the tests of 

this connection as individual functionality in the outside 

work denotes key elements for a classroom. As Frith 

(2012) pointed out, the 'context' is no more than a 

disciplinary context for which the students' quantitative 

literacy is exercised. Accordingly, for most humanities, 

law and social science disciplines, 'context' is presented 

to students through the medium of a text of some kind. 

Thus, the information about the context and the 

quantitative information is embedded in the secondary 

disciplinary Discourse. 

Moreover, from a philosophical point of view, Peters 

& Jandrić (2018) supported the discourse theory 

espoused by Foucault in 1970. They see curriculum as no 

more than cultural and political construction that 



2022 EDUCATIONAL STRATEGIES 

 

16 

reflects knowledge/power relations. Thus, it appears 

self-evident that the most effective curriculum structure 

for developing students' quantitative literacy would 

integrate it into the disciplinary Discourse and ideally 

not make it a responsibility for a separate add-on course 

on mathematics or quantitative learning.  

Goos (2007) Model of Numeracy 

The work of Goos (2007) provided a theoretical 

framework for situating the learning and doing of 

mathematics within authentic life. The framework 

argued that the definition of numeracy, as provided by 

OECD (2004) "an individual's capacity to identify and 

understand the role mathematics plays in the world, to 

make well-founded judgments, and to use and engage 

with mathematics in ways that meet the needs of that 

individual's life as a constructive, concerned and 

reflective citizen. (p. 15)" appear to lack the information 

necessary to translate what is intended in curriculum 

documents into what is implemented in classrooms. He 

proposed the numeracy model that takes into account 

four crucial components: consideration of students' 

dispositions toward the use of mathematics, attention to 

real-life contexts, application of mathematical 

knowledge, and use of representational physical and 

digital tools, as below: 
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Components Detail 

Mathematical 
knowledge 

This is simply mathematical concepts and 
skills. It also entails problem solving 

strategies as well as estimation capacities 

Students' 
dispositions 

Disposition is the confidence and 
willingness to use mathematical 

approaches to engage with life-related 
tasks. It therefore entails the 

preparedness to make flexible and 
adaptive use of mathematical knowledge. 

Attention to real-
life contexts 

This components explains the capacity to 
use mathematical knowledge in a range 

of contexts, both within schools and 
outside classroom walls 

Representational 
physical and 
digital tools 

This entails the use of material, and 
digital tools to mediate and shape 

thinking 

Goos (2007) concluded that the four 

components/elements are embedded in a critical 

orientation. The development of critical orientation is 

always emphasized in relation to numeracy practice as it 

defines the capacity to evaluate quantitatively, spatial 

and probabilistic information to support claims made in 

contexts. Li & Lappan (2014) viewed critical orientation 

as a vital capacity for informed and participatory 

citizenship and for exercising effective and socially 

conscious decision-making in an individual's personal 

life. In the view of Ernest (2002), social empowerment 

is a reason for teaching mathematics. He explained that 

social empowerment could range from the purely 

utilitarian skills associated with the mathematics that is 

needed to function.  
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Gap-Year and Numeracy across Curriculum  

Several studies have linked gap years to students' 

academic performance and work-life experience 

(Holmlund, Liu & Nordström Skans, 2008; Lowe & Cook, 

2003). Jones (2004) reviewed factors that motivate 

young people to take a gap year, which he claimed 

depend on circumstances, including school, universities, 

friends and family. Accordingly, he identified the 

commonest factors to taking a break from formal 

education or work in the need to gain a broader horizon 

on life. Others are to experience different people, 

cultures and places; gain personal life skills, enhance 

credentials to gain university entry or employment; earn 

money, contribute to society; help people (altruism); and 

religious beliefs. 

Crawford & Cribb's (2012) perspective of gap-year is 

relevant to this study. The study linked the tendency to 

take a gap year to the present socio-economic status of 

students. They maintained that young people are more 

likely to take a gap year (than go straight to university) 

if they are affected economically. Based on their 

findings, gap year takers tend to come from poorer 

socio-economic backgrounds and have lower educational 

attainment, on average, than individuals who go straight 

into higher education. Although other factors are also 

accountable for gap-year, the low socio-economic status 

of many households in Nigeria has been identified as an 

important factor for educational deprivation and access 
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to education (Kainuwa, Binti & Yusuf, 2013; Omeje, 

Anyanwu, Mba & Ugwu, 2021). The implication of this 

has seen many younger people going into a job and 

making money before they eventually go for their 

university degree. Thus, it is easy to say that many of 

these individuals were actively functioning, given their 

participation in businesses, politics, finance and other 

vocational/technical activities. If this is true, the 

question that follows is how their functionality could be 

harnessed as a makeshift for their rusty mathematics 

knowledge to indicate better achievement scores. Based 

on this, the research underpins the important role of 

critical thinking skills as a bridge between critical 

orientation and numeracy performance indications that 

is courted in the classroom.     

Critical Thinking Skills 

Critical thinking skills (CTS) are vital to your 

academic life. Thus, it is a process that draws on and 

strengthens various abilities and character traits. 

However, like other forms of activity, one can cultivate 

the skill through consistent practice and with a proper 

sense of what is required. It can be pointed out that 

evidence varies among disciplines; in Arts subjects or 

discipline, it may be the close reading of a text; in Social 

Science, sound argument and testable within data and 

Science, it will more likely be a set of data (The Open 

University, 2008). CT also surfaces in academic 

contexts, the term 'criticism' commonly employed refers 
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to an analysis of positive and negative features. As such, 

one can identify strengths and satisfactory aspects 

rather than just weaknesses; to evaluate what works as 

well as what does not (Murawski, 2014).  

Cotrell (2005) identified eight skills and attitudes 

that make the CT include: identifying other people's 

positions; evaluating the evidence for alternative 

viewpoints, ability to read between the lines; 

recognizing techniques used to make certain positions 

more appealing than others; reflecting on issues in a 

structured way; drawing conclusions about whether 

arguments are valid and justifiable, and finally 

presenting a point of view in a way that convinces 

others.  

Gender and Mathematics Self-Efficacy 

Gender difference is a consistent issue in educational 

research. Besides a few studies that provided evidence 

for better performance of males over females in 

numeracy content, the effect of gender on achievement 

continues to attract debates (Ameer & Singh, 2012; 

Payne, 2015). However, studies continue to suggest a 

better quantitative ability for males over females 

(Carpentieri, Litster and Frumkin, 2009). Delaney & 

Devereux (2021) explained that much difference in the 

gender gap could be attributed to non-cognitive factors 

and environment. As laid bare by the study, gender 

differences have been found across factors that include: 
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risk aversion, confidence, and willingness to compete. 

Despite the improving gender equality awareness, 

cultural dynamics are still a prominent force in Nigeria, 

and its effect is a wide range of outcomes, including 

enrolment (Nigeria Demographic and Health Survey, 

2013), participation (Mukoro, 2014), and performance 

(Goni, Ali & Bularafa, 2015). 

Mathematics self-efficacy is an important variable 

that is linked to numeracy and, ultimately, academic 

achievement (Zakariya, 2021). Mathematics self-efficacy 

explains one's beliefs regarding his or her ability to 

perform various Mathematics-related tasks. Hence, 

Students with higher math self-efficacy show 

persistence on complex math-related problems and more 

accuracy in math calculations and computations than 

those with lower math self-efficacy (Hoffman & Schraw, 

2009). The self-efficacy theory is situated within the 

social cognitive theory, which postulates that human 

functioning is determined by the reciprocity of our 

biology, cognitive and affective self and environment 

(Bandura, 1986). Accordingly, individuals with higher 

self-efficacy are more likely to have higher aspirations 

and commitments to their goals. They are also more 

likely to recover from setbacks than those lower in self-

efficacy.  
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Methodology 

The study adopted a pretest-posttest, control group 

quasi-experimental design with a 2x2x2 factorial matrix. 

In essence, the arrangement involves an experimental 

group (participants exposed to treatment) and the 

control group, mathematics self-efficacy (High and Low) 

and gender (male and female) 

Class Pre-test Treatment Post-test 

Experimental O1 X1 O2 

Control O3 X2 O4 

O1: Pre-test given to the experimental group; O2: 

Post-test given to the experimental group O3; Pre-test 

given to the control group O4: Post-test given to the 

control group X1: The experiment group were given 

treatment X2: The control group were engaged but not 

offered treatment. There were two moderating 

variables: gender (Female and Male) and Maths self-

efficacy (High or Low).  
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Figure 1: Independent Variable, Moderators and Dependent 
Variable 
                               Gender                MSE 

    Male & Female)  (High & Low) 
 
 
 
 
 
 
 
 
 
          IV             DV 
     Critical Thinking 
 (Control & Treatment)       Numeracy 

Population and Sample 

The study population consisted of undergraduates 

from a private higher institution of learning in Osun 

State, Nigeria. The students-participants were selected 

from the College of Management and Social Science and, 

specifically, the institution's departments of Economics, 

Business Administration and Banking and Finance. The 

research targeted students with lower C.G.P.A., i.e., 

those whose results fell below 1.5 and were reported to 

counseling and career office for psychological 

intervention. Those willing to participate were screened, 

after which participants were selected for the study. In 

all, one hundred and twenty (120) participants drawn 

across the three departments were engaged in the study. 

The participants were all first-year students waiting for 

a remedial examination at the end of the session.    

Z1 Z2 

X Y 
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Instrumentation  

The study obtained some personal and demographic 

information from the respondents. These include the sex 

and year of enrolment into a higher institution. 

Mathematics Self-Efficacy Scale (M.S.E.S.) 

The study measured mathematics self-efficacy using 

the Mathematics Self-Efficacy Scale (M.S.E.S.) by Betz 

and Hackett (1993). The instrument measures an 

individual's self-efficacy in performing math-related 

tasks and completing a math-related course with a grade 

of "B" or higher. The scale consists of two main parts: 

Part 1 and 2. In Part 1 of the M.S.E.S., participants were 

given 18 math-related tasks and were asked to rate the 

level of confidence that he or she had in performing the 

tasks on a scale of 0 (no confidence at all) to 9 (complete 

confidence). Using the same confidence scale, in Part II, 

the participants indicated their level of confidence in 

completing 16 math-related courses with a final grade of 

a "B" or higher. The instrument was adjudged to be 

reliable, i.e. Subscale Everyday Math Tasks had a 

Cronbach Coefficient Alpha (α) of.94. The subscale Math 

Courses had (α) = .95, and the Total Score (α) = .95.  

Numeracy Test 

The research assumed numeracy is highly 

contextualized. As a result, the researchers developed 

Sixty (60) Multiple Choice Questions (Items) with four 
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options range, i.e. (a) - (d) order to test the participants' 

numerical ability. The test was designed across various 

numeracy demands within curriculums: Conceptual 

Understanding, Adaptive Reasoning, Strategic 

Competence, Procedural Fluency and Productive 

Disposition, especially as defined by all the tests which 

cut across various aspects of numerate disciplines, i.e., 

Economics, Business Administration, and Banking and 

Finance (Ginsburg, Manly and Schmitt, 2006). The test 

covers seven (7) of fifteen numeracy concerns in higher 

education as retrieved from a material source: 

(https://www.education.gov.scot/). These topics include 

(1) Data and analysis, (2) Ideas of chance and 

uncertainty, (3) Money, (4) Measurement, (5) Patterns 

and relationships, (6) Time, (7) Number and number 

processes and the contexts in which they are applicable. 

As part of the process of validating the test, item 

analysis was carried out on the items pool to satisfy both 

the difficulty index and discriminatory power of the test. 

Items that were too difficult, simple, or discriminatory 

to both high and low scorers were removed. In total, 

sixty (60) items that are fit and representational of each 

topic were obtained.  

Meanwhile, the test has split the test into equal half 

(A and B) to satisfy the pre-test and post-test objectives 

of the study. A preliminary test conducted on the test 

shows a strong internal correlation between the two (r = 

0.967). The reliability coefficients of the instrument 
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were determined using the Kuder-Richardson formula 20 

(KR-20) and Test-retest. The KR-20 and Test-retest 

sample yielded estimates of 0.76 / 0.8 (A/B) and 

0.84/0.81 (A/B), respectively. In ascertaining the 

concurrent and criterion-related reliability, the designed 

test was correlated with the Berlin Numeracy Test 

(B.N.T.) and a strong correlation was obtained between 

the two tests (r = 0.82). Finally, scores 50% and above 

were adjudged a pass mark, while below was adjudged a 

failure.  

Procedure  

Procedurally, we had pre-sessional, pre-test, 

treatment and post-test activities. During the pre-

session, we screened, recruited, and assigned 

participants to both experimental and control. At the 

screening stage, researchers explored the students' 

records to define the extremes value (years) and the 

range to determine gap years. Gap-year was assumed to 

have adduced low mathematical skills on but also high 

work-life experience in the individuals. In the study, 

gap-year was defined as pre-transition years that range 

from three (3) years and above. The participants were 

selected thereafter on the basis of this criterion. The 

pre-session program seeks to familiarize participants 

and solicit their willingness to participate in the study. 

At the pre-test stage, we administered both the 

Numeracy Test and Mathematics self-efficacy instrument 

to the participants. Participants in the experimental 
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group were exposed to each session of treatment 

(Critical Thinking Skills). Each session of eight (8) 

weeks spanned an average of 60 minutes (an hour). 

However, the control group was not exposed to any 

treatment but was to a lecture talk titled: Importance of 

Mathematical Education on Citizenship and National 

Development". It was after this that the post-test was 

administered following the conclusion of the program. 

After that, data obtained were marked and rated in 

percentage, after which data analysis followed. All 

analyses were conducted using IBM SPSS Statistics v.20 

for Windows. Analysis of Covariance (ANCOVA) was 

used to check for significant differences in the mean 

score of the control and treatment groups. The 

Numeracy test (A) was used as a covariate, while the 

other version (B) served as the dependent variable.  

Summary of Session  

Week One: Introduction  

Week Two: The Idea of Critical Thinking 

Week Three: Argument: Validity and Soundness 

Week Four: Induction and Deduction Reasoning 

Week Five: Detecting Informal Fallacies 

Week Six: Experience, Error and judgement 

Week Seven: Science, Rhetoric and Politics  

Week Eight: Conclusion  
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Control of Extraneous Variables 

 The researchers guided against the effect of such 

variables through the following: Appropriate 

randomization of participants into an intervention group 

and the control group; the researchers adhered strictly 

to inclusion criteria, the effective use of the factorial 

matrix designed and the Analysis of Covariance 

(ANCOVA). Statistical tools used equally took care of 

extraneous variables. 

Results  

The finding revealed an effect of treatment on 

numeracy-for-achievement among arts and humanities 

students in Osogbo, Nigeria. The study employed sixty 

(120) participants. The descriptive statistics for the 

participants include: Gender: (Male = 70; Female = 50). 

We presented the results for numeracy analyses in the 

table. Below, table two shows the pre-test and post-test 

numeracy scores for participants in both groups 

(treatment and control).  
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Table 1: Descriptive Statistics for Participants Numeracy 

Score 

Test Group  N Statistics  

    Mean Score 
Std. 

Deviation 

Pretest 
Control  60 29.1500 6.3615 

Treatment  60 30.2667 6.0754 

Posttest 
Control  60 28.2500 6.8905 

Treatment  60 64.0833 11.5924 

In the table 2 above, the mean for the control (x)̄ = 

29.1500; SD = 6.36150, and the mean for the treatment 

(x)̄ = 30.2667; SD = 6.07542 were obtained as pre-test 

scores for the participants; while (x)̄ = 28.2500; SD = 

6.89049, and the mean for the treatment (x)̄ = 64.0833; 

SD = 11.59236 were obtained as post-test control and 

treatment scores. There was a stark difference between 

the pre-test and post-test scores. This difference is well-

presented in figure 1 below:   
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Figure 2: Boxplot Description of Pre and Post-test mean for 

the treatment and Control group 

  

The table and figure 1 show the description of 

participants’ behavioral change, i.e., performance 

improvement. Particularly, it was denoted that the 

control group was indifferent after the talks as the group 

only improved by a 0.9 average mean numeracy score. In 

contrast, the treatment group benefited as their 

performance jumped from the 30% average to 64% 

average. We proceeded to examine the impact of the 

treatment, gender and mathematic self-efficacy on the 

participants’ pre-test and post-test scores. 
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Table 2: ANCOVA Summary for Treatment, Gender and 

Mathematics Self-Efficacy 

Source SS df MS F η2 

Trtgrp 38014.481 1 38014.481 455.807** .804 

Gender 831.769 1 831.769 9.973* .082 

MSE 505.403 1 505.403 6.060* .052 

Trtgrp * Gender 446.059 1 446.059 5.348* .046 

Trtgrp * MSE 456.426 1 456.426 5.972* .051 

Error 8483.044 111 76.424   

Note: R Squared = .819; Adj. R Squared = .80.6; Homogeneity 

of regression and other possible two-way and three-way 

interactions were not significant at the .05 level.  

A 2x2x2 ANCOVA with an overall pre-test (initial) 

score as the covariate revealed a significant main effect 

of critical thinking on numeracy-for-achievement F(1, 

111), p<.05, η2 =.804. The independent moderating 

effect of Gender F (1, 111), p<.05, η2= .082) and 

Mathematics self-efficacy were also established F (1, 

111), p<.05, η2 = 0.052). There were also interaction 

effects of treatment with Gender (F (1, 111), p<.05, η2 

=.46); and Mathematics self-efficacy (F (1, 111), p<.05, 

η2 =.051). The adjusted R-Squared was obtained as 

0.815, indicating that the model accounts for 80.6% of 

the total variance (numeracy-for-achievement). 
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Table 3: Adjusted and Unadjusted Mean and Standard 

Deviation for Treatment and Control Groups 

Group N 
Unadjusted 

(Mean) 
Adjusted 
(Mean) 

Unadjusted 
(Std. Dev.) 

Adjusted 
(Std. 
Dev) 

Critical 
Thinking 

60 65.98a 64.4167 9.512 12.39094 

Control 60 28.410a 28.2500 9.682 6.89049 

Note: Unadjusted standard deviation was calculated by 

multiplying standard errors with the square root of 

observations (60) for both treatment groups 

Table 3 shows the computed mean score for CT 

(treatment) and control group. The estimated unadjusted 

and adjusted means were obtained as M= 65.98 and 

Madj= 64.41, respectively, with corresponding 

unadjusted and adjusted standard deviation SD = 9.512 

and SDadj= 12.391. The estimated unadjusted and 

adjusted means for the control group were equally 

obtained as M= 28.410 and Madj = 28.250 with 

corresponding standard deviation (SD = 9.682 and 

SDadj= 6.890. The post-hoc test was performed to 

compare the means for both the treatment and the 

control group. 
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Table 4: Multiple Comparisons and Mean Differences in 

Numeracy-For-Achievement Controlling For Pre-Test Score 

Comparison Mean Diff S.E. 
LSD Adjusted 

95% CI 

Treatment    

Control vs CT -37.537* 1.737 
-40.504; -

33.828 

Gender    

Male vs Female 5.507* 1.737 2.066; 8.948 

Maths Self-
Efficacy 

   

Low vs High -4.288* 1.737 -7.729; -.847 

Comparisons based upon ANCOVA adjusted means controlling 

for pre-test score mean of 29.71; * p < .05, where p-values are 

adjusted using the Least Significant Difference (LSD) method. 

Again, the LSD comparisons in table 4 revealed that 

the two means for the treatment group were 

significantly different from each other. Participants who 

had CT training had a significantly higher mean than did 

the control group (Mean Diff= -37.537), while male 

participants had a significantly higher mean than did the 

female group (Mean Diff= 5.507) and finally, 

participants with high mathematical self-efficacy had a 

significantly higher mean than did the participants with 

low mathematics self-efficacy (Mean Diff= -4.288). 

Discussion 

The objective of the study was to examine the effect 

of critical thinking (CT) skills on the numeracy of 

undergraduate management and business administration 
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students in the university. Based on the outcome, the 

main effect of CT was confirmed on the numerical ability 

of the participants. The conclusion trails other previous 

studies, e.g., Toy & Ok (2012); Yang (2012). Within the 

milieu of tertiary education, critical thinking has been 

underscored as an important source of performance 

determinants. The study findings on the utility of critical 

thinking to undergraduates’ academic achievement seem 

to corroborate the positions of Schendel (2013), who 

calls for higher education reform around critical 

thinking. More closely, the study highlighted the 

submission of Jackson (2012) on the dependence of 

employability skills on the critical thinking skills of 

university graduates. It is quite evident that critical 

thinking can be an important tool for boosting academic 

achievement in contexts where there is still a high 

dependency on foreign classroom resources and 

materials for knowledge and information. 

In the study, the main effect of Gender on numeracy 

was established. This means that gender type 

significantly affects the outcome of numeracy scores. 

The study confirmed several empirical positions on the 

impact of Gender on the quantitative aspect of the 

curriculums or disciplines, e.g., Mullis, Martins, Feirros, 

Goldberg and Stemler, (2000); Ameer & Singh, 2012; & 

Payne, (2015) all pointed to the disparities in 

quantitative ability relative to types of Gender. Although 

many recent studies have found strong numerical 
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indicators for females closing the gap on the much male-

dominated confirmations, the disparity between the 

sexes cannot stop in the light of inequality that abounds 

in certain contexts. In Nigeria, the female Gender lags 

behind in the opportunities, and this results from the 

larger cultural inclination that continues to influence 

their outcome in achievement-related measures.  

Based on the study, there was a statistically 

significant main effect of mathematic self-efficacy on 

numeracy of higher institutions learners. The finding of 

the study corroborated other positions, e.g., Aremu and 

Tella (2009); & Morán-Soto & Benson (2018), which 

established the link between mathematical self-efficacy 

and quantitative ability. Morán-Soto & Benson (2018) 

explained this relationship in the likelihood of an 

efficacious individual spending extra time working to 

overcome their quantitative deficiencies and seeking 

extra help. As Wellington & Lawes (2016) pointed out, 

maths self-efficacy influences and is also influenced by 

mathematics achievement. This put back the question of 

a gap year, which seems to be a problem with some 

students in developing countries, as the poor synergy 

between high schools and tertiary level education 

produces transition that cultivates low mathematic self-

efficacy among many students. This is very in tandem 

with two of Bandura’s types of experience: Mastery and 

Vicarious experiences. Previous success develops 

students’ self-efficacy for mastery, while failure 
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undermines it. Moreover, a student evaluates his or her 

capabilities in relation to others and the outcomes 

attained. Vicarious experience tends to determine his 

outcome on numeracy that is embedded within the 

curriculum.  

The study confirmed the interaction effects between 

treatment (CTS) and Gender on the outcome of 

numerical competence scores. Studies outcomes on the 

relationship between critical thinking and Gender have 

always been controversial, especially in the correct 

direction. For instance, some studies, e.g., Begum, 

Flowers, Tan, Carpenter, & Moser (2021); Cobbinah 

(2018) concluded no gender impact cognitive ability, 

while studies, e.g., Shubina & Kulakli (2019); Ahmad & 

Duskri (2018) maintain that significant impact of Gender 

exists on the critical thinking and numerical outcome. 

The positive interactive effect in the present study 

seems plausible and well-supported, e.g., Leach (2011); 

Borgonovi, Choi & Paccagnella (2018), on the ground of 

the higher cognitive-oriented nature of higher education, 

which leaves males ahead of female students.  

Moreso, the interaction effect of treatment and 

mathematics self-efficacy on numerical competence was 

confirmed. The strong relationship between critical 

thinking skills and self-efficacy is well established in the 

literature. For instance, some studies, e.g., Gurcay & 

Ferah, (2018) Uzuntiryaki-Kondakci & Capa-Aydin, 

(2013); Begum, Flowers, Tan, Carpenter, & Moser 
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(2021). Gurcay & Ferah (2018) explained that self-

efficacy tends to predict critical thinking skills, while 

some studies, e.g., Ghasemizad, Mohammadkhani, & 

Saadatrad, (2019); Hyytinen, Toom and Postareff (2018) 

obtained evidence for critical thinking skills on self-

efficacy. In reality, both can equally be fostered to 

aggregate students’ academic achievement, especially in 

numerate disciplines where a vivid understanding of 

contexts matters as much as the contents.  

Conclusion and Implication  

The study concluded the effect of critical thinking 

skills on the numerical competence of management and 

business-related students with mathematics skills 

deficits. It also established the moderating impact of 

Gender and mathematics self-efficacy on the link 

between the independent and dependent variables. The 

study raises several implications, most especially on the 

need to design strategies that strengthen critical 

thinking among university students. Moreover, it also 

tasks the education stakeholders to strengthen the 

synergy between high school and tertiary level education 

so as to ease students’ transition. This feat can be 

achieved through effective, comprehensive guidance and 

career orientations.   
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CHAPTER 2 

THE DEVELOPMENT OF PRE-
SERVICE TEACHERS' CRITICAL 

THINKING SKILLS TO ENHANCE 

THEIR TEACHING METHODS. 

Frank Okai Larbi,1 Zhao Chenxu,2 Gao Qianqian,3  Jiang 

Wangwang,4 Xie Zitian,5 Liu Jing6 

Introduction 

What is the critical thinking 

Over the past two decades, ‘critical thinking has 

become a buzzword in philosophical theory and practice. 

It is increasingly found at the heart of educational 

communities, conferences, research publications, 

teaching seminars, university policies, and potential 
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employer leaflets. Extensive research has been 

conducted to determine what ‘critical thinking is, how to 

teach it, and why it must be taught. In management 

practice, university policymakers have begun to ‘think 

critically’. Given the importance of ‘critical thinking in 

Western higher education viewed by scholars and 

institutions, this study aims to examine three aspects of 

‘critical thinking’ in pedagogy, namely the teaching, 

practice, and defense of corporate university 

management ‘critical Thinking’ to explore current 

debates.  

In Facione’s [1] definition, critical thinking is a 

purposeful and corrective judgement that includes a 

thorough consideration of evidence, concepts, etc., with 

the help of which relevant interpretations, analyses, and 

partial inferences are obtained. This definition was 

assembled by a group of forty-six experts using the 

Delphi method. 

Amid the debate over 'critical thinking as an 

essential attribute of graduates in the Western paradigm 

of pedagogy juxtaposed with the highly diverse sector, 

this article argues that a cultural approach is urgently 

needed to think critically about the practice of 'critical 

thinking and search for an alternative pedagogical 

paradigm for knowledge domains and knowledge 

production. 

The need to redefine what ‘critical thinking is or 

should be is reflected in a significant portion of the 
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research data, in the characteristics of 'critical thinking, 

critical thinkers, and what the actual teaching of critical 

thinking means (see, for example, Critical Thinking 

Sexual Mind Foundation website [2]). Mark Mason 

(2009) summarizes some of the better-known 

philosophical positions on the nature of critical thinking, 

mainly critical reasoning skills, critical attitudes, moral 

orientation, knowledge of critical reasoning concepts, 

and subject-specific knowledge. It's not hard to see from 

this all-encompassing summary from Mason that 

"critical thinking" is not just a skill that can be taught in 

a classroom, but can also be seen as an "attitude," a kind 

of moral persuasion, a concept, or a Knowledge. [3] 

According to the Oxford Guide to Philosophy [4], 

‘critical thinking is synonymous with ‘informal logic’ 

which emphasizes the importance of arguments and 

argument evaluation in education courses", which has 

been transformed into a ‘classic’ of Western education. 

‘a primary goal”, ‘fundamental aim’ and ‘overriding 

ideal’[5,6, 7,8]. Related to the ‘Critical Thinking 

Movement’, which ‘believes that education should be 

redesigned to make a critical review of our beliefs and 

assumptions a fundamental goal of education, critical 

thinking is now promoted as ‘good thinking’ and a 

superior ‘higher- A type of "border thinking’[8]. In the 

original 1980 executive order at California State 

University, the order required the state's postsecondary 

education to include formal instruction in critical 
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thinking with the goal of 'to be designed to achieve an 

understanding of the relationship of language to logic, 

which should lead to the ability to analyze, criticize and 

advocate ideas; to reason inductively and deductively; 

and to reach factual or judgmental conclusions based on 

sound inferences drawn from unambiguous statements 

of knowledge or belief '(Dumke 1980, Executive Order 

No.338; cited in [9]). During the past 20 years of 

research development and higher education reform, 

critical thinking has taken over the value of the times 

and has been given a moral ‘value’. People who can show 

it in behavior, that is, ‘the ability to reason well and the 

disposition to do so’ [8] are also given the value of a 

"good thinker". The expressive capacity and inclination 

of "critical thinking" are what has been described as 

"respect as persons"[8], as well as the root of "reasoned 

deliberation in democratic life", and is essential to the 

development of citizens [8]. 

Approaches and Strategies for Cultivating 

Critical Thinking in Higher Education 

Developing students' critical thinking can be inspired 

and guided by discovery learning theory. In discovery 

learning theory, discovery learning is a way of learning 

in which students actively explore and search for the 

truth to obtain solutions to problems in a certain 

learning situation. Bruner believes that developing an 

attitude and approach to discovery is as important as the 

general principles of learning. Students should develop 
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the habit of exploring new situations and be able to 

actively make suggestions, ask questions and try to use 

their abilities to solve newfound problems. Discovery 

learning theory emphasizes the process of learning 

rather than the result of learning. For students to be 

satisfied with discovery activities, teaching should 

create a context for students to explore, which is used to 

stimulate their curiosity and motivation. The theory 

argues that it is important to extract, reorganize and 

process information and that memorizing information 

alone is inappropriate. Discovery learning theory rejects 

the indoctrination of students and places greater 

emphasis on student motivation and autonomy in the 

learning process. Teaching should focus on the 

construction of the meaning of knowledge, guiding 

students to actively discover problems, actively acquire 

and organize knowledge, and engage in rational 

thinking. The learner's learning process is emphasized in 

Bloom's discovery learning theory, where cognitive 

conflicts occur and problem solutions need to take place 

in problem situations. Students need to synthesize their 

existing knowledge and abilities to engage in active 

inquiry, and their self-perceptions are continuously 

improved through the process of acquiring new 

knowledge and meaningful constructs.[19] 

Many scholars have carried out systematic research 

on the critical thinking training model, and there are 

two different views on this research. The two views are: 
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First, to cultivate students' critical thinking, a separate 

critical thinking course should be set up, which is 

helpful. To develop students' problem-solving skills. 

Scholars who hold this point of view believe that the 

development mechanism of critical thinking is relatively 

unique, and in the teaching process, there is also a 

relatively large amount of subject knowledge. If it is not 

established separately, it may lead to its ineffectiveness 

[10]. In the context of higher education, students’ 

individual thinking training and courses also have a 

certain logic. From the perspective of teaching content 

and form, it is generally the judgment and reasoning of 

arguments, and the core is the logic of arguments [11]. 

After teaching demonstration, it is found that the 

current linguistics and element evaluation will directly 

affect the logical ability in the formation of critical 

thinking, and also affect its value inference [12]. The 

second view is that the cultivation of critical thinking 

does not require a separate curriculum, but should be 

integrated into the existing curriculum system. Thinking 

training has certain requirements on students' 

knowledge background and is closely related to every 

subject that students come into contact with in daily life. 

To better cultivate students' critical thinking, critical 

thinking can be integrated into the existing teaching 

system [13][14]. J. Mcpeck is a supporter of this theory. 

He believes that when cultivating students' critical 

thinking, they must first understand the knowledge field 
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to which the problem belongs, and integrate critical 

thinking from a disciplinary perspective, which requires 

the establishment of different disciplines. Different 

critical thinking education shows that he believes that 

the transfer of critical thinking between different 

disciplines is poor. There are more front-line teachers to 

support his views. [11] 

In long-term education, the development of 

‘integrated training’ and ‘integrated curriculum’ of 

critical thinking has gradually formed. At present, the 

research on critical thinking training strategies focuses 

on the critical thinking of undergraduates. From the 

perspective of research objects, the coverage is 

relatively wide, covering almost all types of majors and 

institutions, including language undergraduates, sports 

Undergraduates, medical students, engineering 

undergraduates, agricultural science undergraduates, 

and management undergraduates in educational 

institutions conduct a comprehensive analysis on the 

cultivation of critical thinking of these students, and set 

up critical thinking cultivation strategies according to 

the characteristics of their curriculum education. . For 

example, in general education, the establishment of 

critical thinking can be achieved through the reading of 

graduation thesis and related literature, especially in the 

language (English, Chinese) subjects, and reading and 

writing are the key ways to shape their critical thinking. 

History-related majors can continuously establish 
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critical thinking through the use of historical materials 

and classics; while chemistry and other disciplines can 

continuously establish critical thinking in the process of 

experimentation; philosophical research can learn from 

philosophical thinking, such as the study of philosophy 

such as Marxist dialectics to continuously improve their 

level of critical thinking; medical students can be 

cultivated in their medical research and practice. It can 

be seen from the above analysis that different disciplines 

and majors have different strategies and plans when 

choosing critical thinking teaching. In addition to 

textbook knowledge, practical experience such as 

experiments and internships can also cultivate critical 

thinking. The existing teaching strategies can be roughly 

divided into two types: first, macro; second, micro. From 

a macro point of view, the formulation of critical 

thinking teaching strategies should start from the whole 

and determine its teaching principles. For example, 

Zhong Qiquan put forward four important measures for 

the cultivation of students' critical thinking: first, to 

allow students to think independently; second, to guide 

students to express different opinions; third, to provide 

opportunities for evidence; fifth, to explore Time must 

be sufficient [15]. From the micro-level, most of them 

analyze the effectiveness of current related strategies, 

such as problem-based autonomous learning [16], 

student-centered discussion method [17], case teaching 

method, Socratic question-and-answer method, and 
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group cooperative teaching method, small class teaching, 

heuristic induction, project-driven, splicing, and 

splicing, etc. [18]. The relevant discussions of teaching 

methods have confirmed their role in the cultivation of 

critical thinking, and the logic behind it has also been 

analyzed from the perspective of argumentation 

methods. Finally, it is found that existing teaching 

practices can promote students to form critical thinking 

to a certain extent. 

Method 

Sampling 

This paper selected pre-service teachers who learn in 

SCNU as the research object, including Biology, Maths, 

History, and Fine Arts, 3 interviewees in each object, 12 

people in total. Biology builds critical thinking through 

experimental processes, mathematics through 

thoughtful, rigorous mathematical proofs, history 

through historical reading, and art through aesthetic 

encounters. The four disciplines develop different 

emphases and are more referential, while at the same 

time the three respondents in each discipline avoid the 

influence of individual factors and allow for longitudinal 

and cross-referencing. This research lasted from April 

2022 to May 2022. 
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Procedure 

Based on California Critical Thinking tendency 

questionnaire, the interview outline is divided into three 

parts, namely the critical thinking scale test, the 

interviewees’ cognition toward critical thinking, and the 

influential factors in the cultivation of critical thinking 

during their learning process.  

Additionally, in the part of the scale test, given that 

the number of questions would influence the willingness 

and patience of interviewees, we select 7 symbolic 

questions to form California Critical Thinking tendency 

questionnaire. These questions are concerning finding 

out the truth, open mind, analytic ability, systematic 

ability, confidence in critical thinking, intellectual 

curiosity, and cognitive sophistication. Among them, the 

questions used in the scale are 6-point scale that 

represents the degree of agreement, namely the higher 

the score, the more disapproval. After answering 7 

questions, we will calculate the average score, and the 

lower the score, the higher critical thinking. What’s 

more, the rest of the two are open-ended questions. 

Lastly, we will use Excel to organize the scale results 

and interview records, and conduct open, associate, and 

selective three-level coding of interview records with 

Nvivo11 so that we could extract the effective 

information. 
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Data Analyses 

This study uses semi-structured interviews, selects 

12 pre-service teachers fin face-to-face interviews to 

collect data, and interview content mainly around three 

aspects:  

1. Respondents' critical thinking scale test; 

2. Respondents’ attitudes and perceptions of critical thinking; 

3. Respondents' factors influencing the formation of critical 

thinking in the pre-service teacher training process. 

Based on the root theory, the interview records were 

open, related, and selective by Nvivo11, integrating 

about 29 free nodes. After repeated comparison, 

analysis, and integration, 12 tree nodes were formed, 

and 3 core genera were finally determined, to extract 

effective information and form research thinking and 

discussion. 
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Table 5: Pre-service Teachers' interview c 

Pre-service Teachers' interview code 

The 
taxonomic 
encoding 

Category 
coding 

Conceptualized coding 

Critical 
thinking 

status quo 
(California 

Scale, lower 
scores, 

stronger 
critical 

thinking) 

Biology 13.6 

Maths 16 

History 18.6 

Arts 18 

Critical 
thinking 
attitude 

Conceptual 
understandin

g 

Look at different aspects of things 
from a dialectical perspective 

The impact and collision of ideas 

Break the normal procedure 

Train the 
consciousness 

Solve the problem by yourself first 

Cultivating specialist competence 

Asking for help from others 

Influencing 
factors of 

critical 
thinking 

cultivation 

Subject 
curriculum 

setting 

Political public course emphasizes 
dialectical thinking 

Psychology classroom 

General history classes reflect the 
diversity of views 

A subject classroom focused on 
analysis 

Curriculum 
teaching 

Explanation-type teaching is small 
to cultivate critical thinking 
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process Group discussion promotes the 
development of critical thinking 

Open-ended thinking promotes the 
cultivation of critical thinking 

Problem based learning promotes 
the development of critical 

thinking 

Subject 
academic 
activities 

Less daily (critical thinking) 
training 

Competition (critical thinking) has 
benefited more 

Common academic activities 

Personal 
social practice 

Student work 

Communicate with others 

We media input 

Search one's 
heart 

Review yourself in interacting with 
people 

Find out the mistakes and learn 
well 

System 
training 

Discipline training 

Cultural salon 

Thinking training camp is opened 

Results 

The current state of critical thinking 

The scores of science and engineering are lower than 

that of liberal arts, and the tendency for critical thinking 

is stronger, while the score of fine arts is slightly higher 
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than that of history (see Figure 1). In terms of the 

reason, this may be related to the characteristics of the 

discipline and the training plan: science and engineering 

pay more attention to data analysis, deductive 

reasoning, experimental process, etc., which provides an 

environment for improving students' critical thinking. 

Secondly, art discipline advocates respect for differences 

in the form of artistic expression, requiring higher 

creativity. 

Figure 3: Bar graph of critical thinking tendency scores by 

subject) 

 

Critical thinking attitude 

When it comes to their understanding of ‘critical 

thinking, most respondents think it is a way of thinking 

about things dialectically and rationally; students who 

have not heard the term think that critical thinking is a 

negative word and understood it as "imposing one's 

ideas on others". 
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In terms of cultivating awareness (see Figure 2), 7 

students, majoring in teacher education, will first adopt 

self-learning methods to solve problems and choose to 

ask classmates or teachers if they have no solution. 2 

persons think that asking experienced people for help is 

the most effective way. In addition, 3 students pointed 

out from the development of normal students that 

increasing knowledge reserves, paying attention to 

students, and improving professional quality are 

fundamental. 

Figure 4: Distribution map of critical thinking training 

awareness of pre-service teachers 

 

Influencing factors of critical thinking 

cultivation 

In terms of influential factors, the questions are 

mainly from five parts: subject curriculum setting, 

curriculum teaching process, subject academic activities, 

personal social practice, and other personal experiences. 

The specific interview results are as follows. 
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Curriculum that focuses on analytical 

communication and emphasizes the collision of 

perspectives 

First, most respondents believe that public liberal 

arts courses, such as ‘Basic Principles of Marxism’, 

‘General History of China/World’, and ‘Psychology’ can 

inspire them to look at issues from a different 

perspective (see Figure 3). Specifically, public classes in 

politics emphasize dialectical thinking, encouraging 

students to analyze and interpret different issues and try 

to think through them, setting the stage for the 

development of critical thinking. Psychology classes 

study brain behavior and are able to see the world from 

another perspective, and general history classes reflect 

the diversity of perspectives. Also, Selected Topics in 

Mathematical Analysis provide students with multiple 

perspectives on analyzing mathematical problems, and a 

collision of perspectives as well.  

In addition, if the course itself involves text reading 

and material analysis, it can also stimulate students' 

critical thinking, which is consistent with the critical 

thinking feature of "emphasizing the importance of 

information and evidence". 
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Figure 5: Curriculum setting treemap 

 

Tendency to Diversify, Focus on Interactive 

Communication, and Emphasize Open and Inclusive 

Teaching Styles 

Group inquiry-based learning in the classroom can 

cultivate students' critical thinking more than 

acceptance-based learning. In classroom teaching, when 

group members are willing to actively participate in 

cooperation and exchanges, they can have a collision of 

thinking in the process of discussion, and group 

members can also get different views on the same issue 

here, and then give their judgments and explanations. 

The following three types of models were compiled 

from the interview results (see Figure 4): one, group 

discussion. The pre-service teachers interviewed thought 

that group discussion can promote their active thinking 

and dialectical thinking in understanding others' ideas 

and adding to their logic chain. The second is open-

ended thinking. An open classroom helps accelerate the 
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collision of ideas and encourages multiple perspectives 

of thinking and arguing. The third is problem-based 

learning. Some interviewees believe that the questions 

that were thrown out in the classroom, the situations set 

up, and the revision of students' habitual thinking all 

contribute to the development of critical thinking.  

Summarily, it can be seen that an open, inclusive 

classroom with positive teacher-student interaction is 

more conducive to the development of critical thinking.  

Figure 6: Three kinds of learning models 

 

Free and inclusive, inspiring and supportive 

academic activities 

In terms of academic activities, specific task-based 

learning is beneficial to exercising students' critical 

thinking. Most of the respondents said that the process 

of participating in the competition was able to think 

about specific problems and seek solutions. Besides, they 

recognized that it is unreasonable to easily draw positive 

or negative conclusions about things without the support 

of reasonable and sufficient evidence. Nevertheless, on 

the other hand, regarding the academic activities in 
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daily education and teaching, some of the interviewees 

could not even explicitly name the way the instructors 

developed critical thinking in classroom learning. 

Overall, the three requirements for an academic 

activity to facilitate the development of critical thinking 

were considered to be: a free and relaxed academic 

environment, stimulating and interesting questions, and 

encouragement and support for students to explore on 

their own. 

Putting the theory into long-term practice 

Again, most interviewees agree that the cultivation 

of critical thinking should be combined with long-term 

practice. Taking student work as an example, Ma Junying 

et al. in "Investigation and Research on the Critical 

Thinking Tendency of Normal Students in Colleges and 

Universities"[20] found that students who have served 

as cadres have higher scores in all dimensions and total 

scores than those who have never served as cadres. This 

shows that part-time jobs, participation in club 

activities, and social practice may contribute to the 

improvement of critical thinking skills, but it takes a 

longer time to be effective. 

Self-reflection should be strengthened in daily life 

As Confucius said, "I have to reflect on myself three 

times a day". The process of self-reflection is also a 

process of thinking and discernment. In the interviews, 

some interviewees believed that examining themselves 

in their interactions with others was a way to develop 
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critical thinking for them. Just as one person responded, 

"when we constantly look at ourselves, we could get 

information from the outside world; when we keep 

internalizing it into our actions, and then we shape our 

character." In this process, people are thinking, 

summarizing and reflecting on their own, identifying 

their shortcomings and continuously improving them. 

This self-optimization also contributes to a certain 

extent to the development of critical thinking. 

Table 6: Pathways of critical thinking development from 

the perspective of pre 

Pathways to Critical Thinking Development 

Classroom 
learning 

Curriculum that focuses on analysis and 
communication and emphasizes the collision of 

ideas 

Diversified, interactive, open and inclusive 
curriculum 

Systematic training that focuses on the 
development of thinking 

Practical 
exchanges 

Free and inclusive, stimulating and supportive 
academic activities 

A variety of social and practical activities 

Daily life Self-reflection 

Discussion  

In response to our research question, we selected a 

total of 12 pre-service teachers from biology, 

mathematics, history, and fine arts as research objects, 
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and used a semi-structured interview outline which is 

based on the California Critical Thinking Tendency 

Questionnaire as a research tool. Selected pre-service 

teachers were interviewed on three aspects: the current 

status of critical thinking, attitudes toward critical 

thinking, and factors influencing critical thinking. For 

the collected interview records, based on the grounded 

theory, we use Nvivo11 to perform open, associative, and 

selective three-level coding on the data, integrate about 

29 free nodes, and then repeatedly compare to form 12 

tree nodes as categorical coding. As a result, the coding 

results of the three core categories are finally 

determined. 

Based on collating and analyzing relevant literature 

at home and abroad, it is found that experts at home and 

abroad attach great importance to the cultivation of 

critical thinking in higher education. The study of 

critical thinking. At present, scholars' research on 

critical thinking focuses on the introduction of concepts, 

theories, translation and measurement of critical 

thinking tools, and current status surveys, while 

practical research is relatively rare. Therefore, this 

paper explores the way of cultivating critical thinking of 

this group based on the current situation investigation of 

normal students' critical thinking tendency. 

Based on the research, it can be found that although 

the respondents cannot fully understand the concept of 

critical thinking, they can mention some characteristics 
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of critical thinking, such as attaching importance to 

information, Rational-based analysis, interpretation, and 

evaluation of events. In addition, this study also found 

that thematic, task-based inquiry-based learning in 

classrooms, daily life, or academic activities is also an 

effective way to cultivate critical thinking because 

student-to-student exchanges can drive the output of 

different information. 

Of course, there is still room for improvement in the 

research process of this paper, such as the narrow 

distribution of subjects and majors, and the limited 

information obtained. 
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CHAPTER 3  

LINEAR DIFFERENCE EQUATIONS IN 

FINANCIAL CALCULATIONS 

Urdaletova Anarkul Burganakovna1                     

Kydyraliev Syrgak Kaparovich2                                  

Burova Elena Sergeevna3 

1. Introduction 

Difference equations are a wonderful tool for 

modeling natural phenomena and social life. They are 

successfully applied in physics, micro and 

macroeconomics, demography [1-3]. This list can go on 

and on, but it is easier to say that, in almost all sciences. 

At the same time, it is worth noting that the difference 

equations, almost ideally, are suitable for a quantitative 

description of operations in finance and investment. In 

this paper, we will try to support this statement with 

examples. 
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2. A linear difference equation of the 1st order 

with constant coefficients is an equation of 

the form 

n n-1x = ax +b               (1) 

Here a and b are given values, xn  is the state of the 

system at time n. 

The solution of equation (1) is a formula that relates 

the initial value x0 with the value xn   for any natural 

value n: 

n
n

n 0

1 a
x = a x +b

1 a

−

−
.              (2)  

The derivation of formula (2) is apparently not of 

interest to all its users. Therefore, we decided to place it 

at the end of the article. Next, we present several 

problems [4] demonstrating the application of formula 

(2). 

3. Problem 

Anarkul opened a bank account by depositing 20,000 

soms at an interest rate of 12%. Further, at the end of 

each quarter, she deposited 3,000 soms into the account. 

How much money will be in this account immediately 

after the 15th deposit? (Som is the Kyrgyz monetary 

unit.) 

Solution 



2022 EDUCATIONAL STRATEGIES 

 

81 

Let's start with some agreement. Since money is 

deposited quarterly, it would be logical to assume that 

capitalization is also made quarterly. This principle - the 

"principle of rational behavior" - is usually assumed in 

all financial calculations. 

Difference equations are a very convenient tool for 

solving financial and investment problems. You just need 

to learn how to use this tool correctly. 

In order to solve the problem, you must first, as 

always, carefully read it. 

Then clearly imagine what happens in each period. 

In this problem: the time period is a quarter. In each 

quarter, interest is “wound up” on the money available 

on the account, and then 3,000 soms are added. 

Understanding what is happening in each period will 

allow us to write the corresponding difference equation 

in the form (1). For problem 2:  

xn = (1 + 0.12(3/12))xn-1 + 3000.        

Here xn -1 is  the amount of money in the account at 

the end of the quarter with the number  

n −1 and, accordingly, at the beginning of the quarter 

with the number n; 

xn  is the amount of money in the account at the end 

of the quarter with number n;  

0.12 is the rate of interest; 
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3/12 is the length of a quarter (3 months), expressed 

in years. 

After the equation is written, it remains to substitute 

the coefficients of the resulting difference equation and 

the initial conditions: x0 = 20000;   x15  = ?     into 

formula (2) and accurately calculate the 

result: =
−

−
++=

0311

03)(11
30002000003)0(1x

15
15

15
.

.
.  

09.8695674557963531159
030

103)(1
3000200005581

15

...
.

.
. =+=

−
+

4. Problem 

Elena annually deposits 4,000 euros into a bank 

account at an interest rate of 5%. How much money will 

be in this account immediately after the 18th deposit? 

Solution 

In mathematical language, the problem can be 

written as follows: 

xn = (1 + 0.05)xn−1 + 4000;       x0 = 0;     x18 = ?  

Therefore, according to formula (2), we 

get:

54.11252913242840000
050

105)(1
4000005)0(1x

18
18

18 ..
.

.
. =+=

−
++=

 

The number 112529.54 in finance is usually called 

the Future Value of Annuity(FVA). 

So, the future (final) value of the annuity − FVA − is 

the amount in the account immediately after the last 
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installment. It is assumed that at regular intervals the 

same amount of money is deposited into the account, at 

the initial moment there is no money on the account. 

5. Problem 

Jamila opened a bank account by depositing 50,000 

rubles at an interest rate of 24%. Further, at the end of 

each month, she took off 7,000 rubles. How much money 

was left in this account immediately after the 8th 

withdrawal? 

Solution 

Let's see what happened with the account in the first 

months. By the end of the 1st month, the account will 

have  50000(1 + 0.24(1/12)) = 50000·1.02 = 51000 

rubles. Then this amount decreased by 6000 rubles: 

51000 – 6000 = 45000. So, in the 1st period, the 

following happened:   50000(1 + 0.24(1/12)) – 6000 = 

45000. 

Further, in the 2nd month, interest again winds 

up:45000(1 + 0.24(1/12)) = 45900,  and at the end of the 

month 6000 rubles are withdrawn:  45900 – 6000 = 

39900. Therefore, in the 2nd period, the following 

happened: 45900(1 + 0.24(1/12)) – 6000 = 39900. 

In the 3rd, 4th, and so on, the same thing happens. 

Awareness of this allows us to write the problem in 

mathematical language:    xn = (1 + 0.24(1/12))xn−1 – 

6000;    x0 = 50000;     x8 = ?  
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From here, according to formula (2), we 

obtain:

16.708581514979758582
020

102)(1
60005000002)0(1x

8
8

8 ...
.

.
. =−=

−
−+=  

So, after the 8th withdrawal, 7085.16 rubles 

remained on the account. 

In order to once again verify the correctness of our 

reasoning and formula (2), we can calculate the amount 

of money in the account after 2 months again, using 

formula (2): 

39900.1212052020
020

102)(1
60005000002)0(1x

2
2

2 =−=
−

−+=
.

.
.  

6. Problem 

Having won 1,000,000 soms in the lottery, Aisuluu 

decided that she would spend 100,000 soms immediately 

on herself, put part of the money into a bank account at 

an interest rate of 16%, in order to be able to withdraw 

45,000 at the end of each quarter for 5 years, and use 

the rest of the money for charity . How much money is 

she going to use for charity? 

Solution 

The conditions of the problem allow us to 

immediately formulate a problem in mathematical 

language in order to determine how much money will be 

put into a bank account:   xn = (1 + 

0.16(3/12))xn−1 – 45000;       x0 = ?     x20 = 0.  
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Then, substituting the corresponding numbers in 

formula (2), we 

obtain: =
−

−
−+= 0

0411

04)(11
45000х04)0(1x

20

0

20

20
.

.
.

. . .0 02 1911х 1340013 54 0 х 611571 15.− =  =

 So, Aisuluu plans to put 611,571.15 soms into the 

account, and, accordingly, use it for charitable purposes: 

1000000 – 100000 – 611571.15 = 288428.85 soms. 

It should be noted that the number 611571.15 in 

finance is called the Present Value of Annuity (PVA). 

So, the current (initial) value of the annuity − PVA − 

is the amount on the account at the initial moment. It is 

assumed that at regular intervals the same amount of 

money is withdrawn from the account, after the last 

withdrawal there is no money left in the account. 

7. Problem 

Shair plans to buy an apartment for $60,000 and 

resell it in 7 years for $62,000. At the same time, she 

can rent this apartment, paying $F at the end of each 

year. At what value of F are the options equivalent if the 

interest rate is 21%? 

Solution 

It is convenient to solve such problems by reasoning 

as follows: If Shair puts $60,000 into an account and 

withdraws $F from the account at the end of each year to 
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pay rent, then the options will be equivalent if after 7 

years there will be $62,000 in the account. 

Let's write this in mathematical language: 

xn = (1 + 0.21)xn−1 – F;       x0 = 60000;     x7 = 

62000.  

Hence, substituting the values into formula (2), we 

obtain:

87.1244932142139/165849F

3214213F922784962000
210

121)(1
F6000021)0(162000

7
7

...

..
.

.
.

==

−=
−

−+=

So, it turned out that the options would be equivalent if 

the rent was equal to $1244.87. 

8. Problem 

Ulan plans to buy an apartment for $96,000 and 

resell it in 6 years for $100,000. At the same time, he 

can rent this apartment, paying $E at the beginning of 

each month. At what value of E are the options 

equivalent if the interest rate is 12%? 

Solution 

Unlike the previous problem, payments here are 

made at the beginning of each period. Therefore, each 

time E is subtracted from the amount available at the 

beginning of the period, and then interest is added to the 

balance. Thus, the equation xn = (xn−1 – Е)(1 + 

0.12(1/12)).  Formally, we do not know how to solve 

such equations, but it is enough to open the brackets and 
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write the equation in the form (1):xn = (1 + 0.01)xn−1 – 

Е(1 + 0.01).        

Further, arguing in the same way as in the previous 

case, in mathematical language we obtain the problem: 

xn = (1 + 0.01)xn−1 – Е(1 + 0.01);   x0 = 96000;  x72 = 

100000.  

From here, 

67.912Е71104011Е53196521100000

010

101)(1
011Е9600001)0(1100000

72
72

....

.

.
..

=−=


−

−+=   

So, if the rent is $912.67, the options are equivalent. 

9. Problem 

Kanaiym can buy equipment for $4,500 and resell it 

after 5 years for $300, or rent it for $1,000 at the 

beginning of each of the five years. 

Which option is preferable if the interest rate is: 

a) 7%;  b) 10%? 

Solution 

In order to choose the best option, let's conditionally 

invest $4,500 into the account, at an interest rate of k, 

and withdraw money from it to make rental payments. 

If, as a result, by the end of the term, more than $300 

remains on the account, then rent is more profitable, if 

less than $300, then purchase. 

In order to make a difference equation, from the 

conditions of the problem we get that at the beginning of 
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each period $1000 is withdrawn from the account, and 

the remaining amount lies on the account for 1 year and 

interest is added to it. Therefore, 

 xn = (xn−1 – 1000)(1+ k) = xn−1(1+ k) –1000(1+ k). 

Therefore, after 5 years, on a conditional account, 

according to formula (2), there will be 

( )
k)(11

k)(11
k110004500k)(1x

5
5

5
+−

+−
+−+=  . 

Substituting the number 0.07 instead of k, we get x5 

= 158.45, which means that the purchase is profitable at 

an interest rate of 7%. 

In the event that the interest rate of 10% remains on 

the account x5 = 531.64. This number indicates the 

preference for renting. 

10. Problem 

How would you react to the following pension 

scheme: for 40 years you will monthly contribute 1,000 

soms, and in each month following these 40 years for 20 

years you will be paid 40,000 soms? 

Solution 

At first glance, the offer is very attractive. But it all 

depends on the interest rate at which you can invest 

your money. The easiest option is to invest in a bank. 

For example, if you have the opportunity to invest 

money into an account at 15% interest, with the 

condition of monthly capitalization, then by investing 
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100 soms into this account at the end of each month, 

after 40 years (= 480 months) you will have  

31016055
01250

10125)(1
1000015(1/12))0(1x

480
480

480 =
−

++=
.

.
. . 

Further, the accumulated money must be spent 

within 20 years (= 240 months). So let's ask the 

question: How much money can be withdrawn at the end 

of each month so that the money runs out after 240 

months. Let us write the mathematical formulation of 

the corresponding problem: 

xn = (1 + 0.15(1/12))xn−1 – F;  x0 = 31016055; x240 = 0, 

and solve it: 

=
−

−+= 0
01250

10125)(1
F310160550125)0(1x

240
240

240
.

.
.  

82.408405F0241497F31016055715519 ... ==−  

So, it turns out that you can receive more than 10 

times the amount that we agreed to. The difference is 

due to the long duration of the financial transaction. 

This problem illustrates the great attractiveness of 

the business associated with non−state pension funds. 

11. Problem 

For 4 years, at the beginning of each quarter, 2,000 

rubles were deposited into the account, and at the end of 

each quarter following these 4 years, 2,400 rubles were 

withdrawn for 5 years. How much money was in the 

account immediately after the last withdrawal, if at the 
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initial time the account had 10,000 rubles, and the 

interest rate was 16%? 

Solution 

In order to answer this question, we actually need to 

solve two problems. 

First, determine how much money will be in the 

account by the end of the fourth, or what is the same by 

the beginning of the fifth year. 

Let's formulate the problem in mathematical 

language: 

xn = (xn−1 + 2000) (1 + 0.16(1/4)); 

x0 = 10000;  x16 = ? 

and we'll solve it. 

To do this, we represent the equation in standard 

form: 

 xn = xn−1(1 + 0.16(1/4)) + 2000(1 + 0.16(1/4)) => xn 

= xn−1(1+0.04)+ 2080, 

and then get the answer: 

=
−

++=
040

104)(1
20001000004)0(1x

16
16

16
.

.
.  

876237882452120008118729 ... =+=     

Secondly, take into account that the accumulated 

money is spent within 5 years. That's why   yn = (1 

+ 0.04)yn−1 – 2400;       y0 = 62378.87;         y20 = ? 



2022 EDUCATIONAL STRATEGIES 

 

91 

Therefore, after the last withdrawal, the account will 

have:

 465212778129240079136679

040

104)(1
240062378,8704)0(1y

20
20

20

...

.

.
.

=−=

=
−

−+=
    

12. Problem 

The store offers two options for discounts on fur 

coats. First: buy with a 5% discount; second: pay 20% of 

the price right away, and pay 20% of the price at the end 

of four quarters. Which option is more profitable if the 

interest rate is 12%? 

Solution 

At first glance it seems that the first offer is more 

attractive: you can pay only 95% of the price, while in 

the second case you have to pay 20% + 420% = 100%. 

But, in the second case, part of the payments is made 

later. Therefore, you need to count. Probably the easiest 

option is to calculate the present value of future 

payments: (P is the price of a fur coat.) 

 xn = (1 + 0.12(1/4))xn−1  − 0.2P;       x0 = ?x4 = 0.  

Hence: 7434P.0x0183642P01255x1

0
030

103)(1
0,2Px03)0(1x

00

4

0

4

4

....

.

.
.

==−

=
−

−+=

 

So, if you pay 0.2R immediately and put 0.7434R into 

your account, then this money will be enough to buy a 

fur coat. In other words, if you use the second offer, then 

the fur coat will be bought for 0.9434R, and if the first, 

then for 0.95R. 
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13. In this section, one of the options for obtaining 

formula (2) will be given. So, we consider a linear 

difference equation of the 1st order with constant 

coefficients  n n-1x = ax +b  [5]. In order to obtain a formula 

for its solution − a relation that connects the quantities 

nx  in any two periods through the coefficients a and b, 

we divide the equation by an, and introduce the notation 

n
n nn n

x b
= u ; = b

a a
. Then n n-1 nu u = b− . Now, rearrange 

the brackets in equality 

n n-1 n-1 n-2 n-2 1 1 0 n 0u (u u ) (u u ) ... (u u ) u = u u− − − − − − − − −  => 

n n-1 n-1 n-2 n-2 1 1 0 n 0(u u )+(u u )+(u ... u )+(u u )= u u− − − − − −  , and 

replacing each parenthesis with the corresponding 

value, we get: n n-1 n-2 2 1 n 0b +b +b +...+b +b = u u− . Since the 

numbers nn

b
= b

a
 are members of a geometric 

progression, you can use the formula for the sum of such 

members, and get the formula 
n

n 0

b 1 (1 / a)
= u u

a 1 (1 / a)

−
 −

−
. As a 

result, it remains to return to the original notation: 

n

n 0

n

x xb 1 (1 / a)
=

a 1 (1 / a) a 1

−
 −

−
 and get formula (2):  

n
n

n 0

1 a
x = a x +b

1 a

−

−
. 



2022 EDUCATIONAL STRATEGIES 

 

93 

14. Conclusion 

The modern world is characterized by the wide 

development of computing devices − calculators, 

computers − which greatly simplify the process of 

calculating various numerical expressions. Therefore, 

when teaching mathematical methods, the ability to 

translate phenomena from the reality surrounding a 

person into mathematical language comes to the fore. 

Difference equations can be of great help in such 

activities. In particular, financial and investment 

operations are described very well in the language of 

such equations. This work is devoted to the 

substantiation of this assertion. 
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CHAPTER 4 

ANOTHER INTRODUCTION TO 
DIFFERENCE EQUATIONS AND 

ANOTHER STORY OF HODJA 

NASREDDIN 
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Burova Elena Sergeevna3 

1. Introduction 

Let's start with the story. “Nasreddin is transferred 

daily through the dispatch of his donkey loaded with 

baskets of straw. Since everyone knew that he was a 

smuggler, the border guards searched him from head to 

toe every time he returned home. They searched 

Nasreddin himself, examined the straw, immersed it in 

the water, and from time to time they appreciated it, but 

despite this, Nasreddin lived better and better. 

In the end, he retired from business and moved to 

live in another country. Many years later he met one of 

the customs officers. He said, "Now you have nothing to 
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hide, Nasreddin. Tell me what did you transport across 

the border when we couldn't catch you?". "Donkeys", 

Nasreddin replied.[1] 

In this story, we find an analogy with the study and 

application of mathematics. Unfortunately, the vast 

majority of people believe that mathematics is a very 

difficult subject and try to avoid situations that require 

the use of mathematical methods. 

As a result, they find themselves in a double loss. 

Firstly, nature and society are arranged in such a way 

that it is impossible to do without mathematics. 

Secondly, many problems are easier to solve, and the 

results of the solution are more beneficial if they use 

mathematics. [2–4] Of course, a relatively simple, easy–

to–use mathematical apparatus is needed. In our 

opinion, a significant place in it should be occupied by 

difference equations, which will be discussed in this 

paper. Among other examples, another story about the 

immortal Nasreddin will be told. 

2. The key role in our study will be played by a 

rather simple statement, which we will call  

LEMMA 

If there is a difference equation  

n n-1u u = a(n)− ,   n = 1, 2, …,  (1) 

then the equality 
N

N 0

n=1

u u = a(n)−   is valid. 
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PROOF 

Parenthesizing the identity 

N 0 N N-1 N-1 N-2 N-2 N-3 N-3 2 1 1 0u - u = u - u +u - u +u - u +u - ...+u - u +u - u

, we get 

N 0 N N-1 N-1 N-2 N-2 N-3 2 1 1 0u u = (u u )+(u -u )+(u u )+...+(u u )+(u u )− − − − −

. Then, replacing each parenthesis with its value from 

equation (1), we get the required: 

N 0u u = a(N)+a(N 1)+...+a(2)+a(1)− − . 

3. Without delay, we use the LEMMA to solve the 

problem. 

The management of the company Progress in honor 

of the next anniversary decided to reward its employees. 

As a result, 77 employees received 1,000 soms, 76 – 

2,000, 75 – 3,000, ..., 2 – 76,000, and one received 

77,000. How many thousand soms were allocated for 

these awards? 

Solution 

The problem can be solved in a general way, 

reformulated as follows: find the sum of all elements of 

the numerical table 

1 1 1 1 … 1 1 

2 2 2 2 … 2 0 

3 3 3 3 … 0 0 

… … … … … … … 

n – 1 n – 1 0 0 … 0 0 

n 0 0 0 … 0 0 
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All columns contain members of the simplest 

arithmetic progression. Therefore, the sum of the 

elements 

first column:
n+1

n
2

; 

second column:
n

(n 1)
2

− ; 

third column:
n 1

(n 2)
2

−
− ; 

n–1 column:
1+ 2

2
2

 ; 

nth column:
1+1

1
2

 . 

From here, summing the elements of all columns, we 

get: ...
(n+1)n n(n 1) (n 1)(n 2) 3 2 2 1

S =
2 2 2 2 2

− − −  
+ + + + + =  

 ( .
1

= n+1)n+n(n -1)+(n 1)(n 2)+...+3 2+2 1
2

− −    

Now it remains to note that each term in square 

brackets can be expressed using the equality  

(k +1)k(k 1) k(k 1)(k 2)= k(k 1)[(k +1) (k 2)] = 3k(k 1)− − − − − − − −

That is, if we designate k

1
(k +1)k(k - 1)= u ; k(k - 1)= a(k)

3
, 

then by virtue of the LEMMA, 

 (
1

S n+1)n+ n(n - 1)+(n - 1)(n - 2)+ ...+3 2+ 2 1 =
2

=    
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1 1 1 1
= (n+2)(n+1)n 2 1 0 = (n+2)(n+1)n

2 3 3 6

 
−    

 
 

Thus, in order to find out how much money was 

allocated for bonuses, it remains to substitute the value 

of 77 in the resulting formula: 

77(77 +1)(77 + 2)
S(77)= = 79079

6
. 

4. Let us support the usefulness of the LEMMA by 

solving one more problem. 

The Sultan fulfilled the requests of his many wives 

and opened one deposit, on which he invested 1 million 

dinars, two deposits, on which he invested 2 million 

dinars, three deposits, on which he invested 3 million 

dinars, ..., thirty – three deposits, on which he invested 33 

million dinars. How many dinars did the Sultan invest in 

total? 

Solution 

This problem is a special case of the following one: 

Find the sum of all elements of a number table 

1 0 0 0 … 0 0 

2 2 0 0 … 0 0 

3 3 3 0 … 0 0 

… … … … … … … 

n – 1 n – 1 n – 1 n – 1 … n – 1 0 

n n n n … n n 
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Solution 

 The required sum S is equal to 12 + 22 + 32 +…+ (n 

– 1)2 + n2. This is easy to see by summing the numbers 

over the rows of the table. 

At the same time, when summing by columns, we 

get: 

the first column contains the sum of the terms of the 

simplest arithmetic progression, that is 
n(n+1)

2
; 

in the second column:
n(n+1)

1
2

− ; 

in the third column:
n(n+1)

(1+2)
2

− ; 

in the fourth 

column:
n(n+1) n(n+1) 3 4

(1+2+3)=
2 2 2


− − ; 

in the kth 

column:
n(n+1) n(n+1) (k - 1)k

- (1+ 2+3+ ...+ k)= -
2 2 2

. 

Therefore, summing all the columns, we 

get:
n

1

n(n+1) (k - 1)k
S n -

2 2
=   . 
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In the course of solving the previous problem, it was 

found that 
n

1

(k 1)k (n 1)n(n+1)
=

2 6

− −
 . 

Therefore,
n(n+1) (n 1)n(n+1) n(n+1) (n 1)

S n n
2 6 2 3

− − 
=  − = − 

 
. 

From here, 
(2n+1) (n+1) n

S
6

 
= . Thus, a formula is 

obtained for the sum of squares of elements of a 

sequence of natural numbers: 

2 2 2 2 (2n+1) (n+1) n
1 + 2 + 3 + ...+ n

6

 
= . 

Let's return to the problem about the Sultan. From 

the formula for the sum of the sequence of squares of 

natural n umbers: 2 2 2 2 (2n+1) (n+1) n
1 + 2 + 3 + ...+ n

6

 
= , 

we get the answer: Sultan invested 12529 million. 

5. The attentive reader will notice that in the 

problem about Sultan the LEMMA was used only 

indirectly, through the solution of the previous problem. 

Therefore, we propose to obtain the formula: 

2 2 2 2 (2n+1) (n+1) n
1 + 2 + 3 + ...+ n

6

 
=  using LEMMA 

directly. 

Because 3 3 2(k +1) - k = 3k +3k +1, we use the notation 

3 2

k(k +1) = u ; 3k +3k +1= a(k) , and by virtue of the 

LEMMA we get, 
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n n n n
3 3 2 2

k=1 k=1 k=1 k=1

(n+1) 1 = (3k +3k +1)= 3 k +3 k + 1−     .  

From here, 
n

3 3 2

k=1

n(n+1)
(n+1) 1 = 3 k +3 +n

2
−  .  

It remains to rearrange the terms and get the 

answer:

3 2 2 3 2n
2 3

k=1

n(n+1) 2(n +3n +3n) (3n +3n+2n) 2n +3n +n
3 k = ((n+1) 1) 3 n= =

2 2 2

−
− − −

 



3 2n
2

k=1

2n +3n + n
k

6
= 

n
2

k=1

(2n+1)(n+1)n
k =

6
 . 

Remark 

It should be noted that the described algorithm 

allows one to obtain the corresponding formulas for the 

sum of cubes, fourth powers, ..., a limited sequence of 

natural numbers. 

6. Let us expand the class of problems that LEMMA 

allows us to solve. 

In a city with a population of 150,000, natural growth 

has a negative sign: (–4%). From other places, 10,000 

more people moved to this city in the first year than left. 

Assuming that this number will increase by 2% in each 

subsequent year, determine what the population will be in 

8 years.  

 Translating the conditions of the problem into 

mathematical language, we get that we need to solve the 
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equation . . n-1

n n-1x =0 96x +10000(1 02)  on the condition 

0x = 150000 . 

 For this, we divide the equation by (0.96)n, and 

introduce the designations 

.

. . .

k-1

k
kk

x 10000 1 02
= u ; = a(k)

(0 96) 0 96 0 96

 
 
 

. Then, using the 

LEMMA, we get: 

.

. .

k-18

8 0

k=1

10000 1 02
u u =

0 96 0 96

 
−  

 
 

. .

. . . .

8

8
08

x 10000 (1 02 / 0 96) 1
x =

(0 96) 0 96 (1 02 / 0 96) 1

−
− 

−
 



. .
. . .

. .

8 8
8

8

(1 02) (0 96)
x = 150000(0 96) +10000 108208 44+75044 97 183253

1 02 0 96

−
 

−

.  

 So, if the assumptions are justified, after 8 years 

183253 people will live in this city. 

7. They say that for some time Hodja   Nasreddin 

worked as a teacher at a school. One day, he gave his 

students the following task at home. 

The wolf was hired to herd the sheep. As a result, in a 

month the flock decreased by 40% and another 6.4 sheep. 

The same thing happened in the following months. How 

many sheep were there at the beginning if after 5 months 

there were 227 sheep left? 
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The next day, a group of outraged parents came to 

the school. They said: “Of course, we understand that 

this is a mathematical problem. But even they must have 

some meaning. How can this flock of sheep decrease by 

6.4 sheep?” In response, Nasreddin said that everything 

was in order with this task. And he offered these parents 

the following deal: if there is an error in the problem, 

then he will work for a whole year without pay, and if 

everything is in order, then each of them will bring him 

a sheep. 

How do you think this story ended? 

At first glance, Hodja is wrong: the number of sheep 

in a flock is always an integer- therefore, the number 6.4 

sheep cannot be. But let's not hurry, and we will carry 

out a mathematical analysis of the situation. Denoting by 

хn the number of sheep at the end of the month with 

number n, we obtain the difference equation 

. .n n-1x = 0 6x 6 4−    (2)   

and condition 5x = 227 . 

Next, we divide the equation by (0.6)n, and introduce 

the designations 
.

. .

k
kk k

x 6 4
= u ; = a(k)

(0 6) (0 6)
. Then, using the 

LEMMA, we get:  
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.
.

k5

5 0

k=1

1
u u = 6 4 ( )

0 6
−  

. .

. . .

5

5
05

x 6 4 (1 / 0 6) 1
x =

(0 6) 0 6 (1 / 0 6) 1

−
− 

−


.
. .

.

5
5

5 0

1 (0 6)
x = x (0 6) +6 4

1 0 6

−

−
       

 . .5 5

0227 = x (0 6) +16(1 (0 6)− 

. .5 5

0227 = x (0 6) +16(1 (0 6)−  . . 5

0227+14 75584= x (0 6)  

 . .0x = 241 75584 / 0 07776 = 3109 .  

 So, from our calculations it follows that initially 

there were 3109 sheep in the flock. Sequentially 

substituting the values into equation (2), we come to an 

unexpected conclusion: the task of Hodja  Nasreddin is 

very plausible, since the flock was after 

1st month:  . .1x = 0 6 3109 6 4 = 1859 −  sheep, 

2nd month:   . .2x = 0 6 1859 6 4 = 1109 −  sheep, 

3rd month:   . .3x = 0 6 1109 6 4 = 659 −  sheep, 

4th month:  . .4x = 0 6 659 6 4 = 389 −  sheep, 

5th month:  . .5x = 0 6 389 6 4 = 227 −  sheep. 

8. Conclusion 

Difference equations are an excellent tool for 

modeling natural phenomena and social life [5–6]. Their 

value is enhanced by their relative simplicity and ease of 

use. In this paper, a number of problems are considered, 

in the solution of which difference equations are used. 

Among them, there are both purely mathematical ones, 
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about calculating the sum of elements of numerical 

sequences, and problems on the application of 

mathematics. We hope that the story will be of 

particular interest, the main character we have chosen is 

the literary hero of all Turkic peoples Hodja Nasreddin. 
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